Rules for integrands of the form P, [x] (a + bx" +cx*")?

1: JPq[x] (a+bx"+cx*")?dx whenpez*

Derivation: Algebraic expansion

Rule: If p € z*, then

JPq[x] (a+bx"+cx*")Pdx — JExpandIntegr‘and[Pq[x] (a+bx"+cx?*")?, x] dx

Program code:

Int[Pq_=(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_.,x_Symbol] :=
Int [ExpandIntegrand [Pq* (a+b*x*n+c*xX” (2xn))*p,x],x] /;
FreeQ[{a,b,c,n},x] &% EqQ[n2,2xn] && PolyQ[Pq,x] && IGtQ[p,0]

2: J(d+ex"+fx2") (a+bx"+cx?")Pdx whenae-bd (n (p+1) +1) =@ A af-cd (2n (p+1) +1) =

Rule:if ae-bd (n (p+1) +1) =@ Aaf-cd (2n (p+1) +1) =0,then

dx (a+bx"+cx2")p+1

J(d+ex"+fx2") (a+bx"+cx2")pd1x —
a

Program code:

Int[(d_+e_.*x_"n_.+Ff_.#x_"Nn2_.)* (a_+b_.*X_"n_.+C_.*Xx_"n2_.)"p_.,x_Symbol] :=
dxx* (a+b*x*n+cxx” (2xn) )~ (p+1) /a /;
FreeQ[{a,b,c,d,e,f,n,p},x| & EqQ[n2,2#n] & EqQ[axe-bxdx (nx (p+1)+1),0] & EqQ[a*f-cxdx (2xnx (p+1)+1),0]

Int[(d_+f_.*x_"n2_.)*(a_+b_.#x_"n_.+c_.*x_"n2_.)"p_.,x_Symbol] :=
dxx* (a+bxXx*n+cxx” (2xn) )~ (p+1) /a /;
FreeQ[{a,b,c,d,f,n,p},x] & EqQ[n2,2«n] & EqQ[n+(p+1)+1,0] & EqQ[cxd+axf,0]



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

3: qu[x] (a+bx"+cx*")Pdx whenb?-4ac=0 A p¢z

Derivation: Piecewise constant extraction

(a+b x"+c x2")”

. 2 - __
Basis: If b -4 a c == 0, then oy b2cxmze O
FracPart[p]
. 2 B (a+bx"+cx2")” (a+b x"+c x2")
BaSIS' lf b -4ac-= e’ then (b+2 ¢ Xn>2p o <4C)IntPar‘tjp} (b+2 c Xn)ZFracPar‘t[p]
Rule:If b2-4ac =0 A p ¢ Z,then
FracPart[p]

(a+bx"+cx?")

qu[x] (a+bxn+cX2")pdlx_) Pq[X] (b+2CXn)2pd]X

(4 C) IntPart([p] (b +2cC Xn) 2 FracPart[p]

Program code:

Int[Pq_x(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_,x_Symbol] :=
(a+bxx~n+c*xx” (2xn) ) *FracPart [p] / ( (4xc) *IntPart[p] * (b+2xc*x”n)~ (2xFracPart[p]) ) *Int [Pq* (b+2xc*x”n) " (2xp) ,x] /;
FreeQ[{a,b,c,n,p},x] &% EqQ[n2,2xn] && PolyQ[Pq,x] && EqQ[b”2-4xaxc,0] && Not[IntegerQ[2xp]]



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

4: JPq[x] (a+bx"+cx*")?dx whenP,[x, 0] =0

Derivation: Algebraic simplification
Rule: If P4[x, @] == 0,then

JPq[x] (a+bx"+cx?")?dx — |[xPolynomialQuotient[P4[x], X, X] (a+bx"+cx*")?dx

Program code:

Int[Pq_x(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_,x_Symbol] :=
Int[xxPolynomialQuotient [Pq,X,X] * (a+bxx n+cxx®(2xn))"p,x]| /;
FreeQ[{a,b,c,n,p},x] && EqQ[n2,2xn] && PolyQ[Pq,x] && EqQ[Coe-F-F[Pq,x,e],e] && Not [MatchQ[Pg,x*m_.xu_. /; IntegerQ[m]]]



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

5: J\(d+ex"+fx2“+gx3") (a+bx"+cx*")Pdx whenb®-4ac#@ A a’g(n+1) -c (n(2p+3) +1) (ae-bd (n(p+1) +1)) =0 A
a?f (n+1) —acd(n+1) 2n(p+1) +1) -b(n(p+2) +1) (ae-bd (n(p+1) +1)) =

Rule:if b2-4ac+@ Aa?g(n+1) -c(n(2p+3) +1) (ae-bd (n(p+1) +1)) =0 A ,
a?f (n+1) —acd (n+1) 2n (p+1) +1) -b (n(p+2)+1) (ae-bd (n(p+1) +1)) =
then

x(ad(n+1) + (ae-bd (n(p+1) +1)) x") (a+bx“+cx2“)'°+1

J(d+ex"+fx2"+gx3") (a+bx"+cx*")Pdx —
a2 (n+1)

Program code:

Int[(d_+e_.*x_"n_+f_.*X_"N2_.+g_.*X_"Nn3_.) (a_+b_.*X_"n_+C_.*Xx_"n2_.)"p_.,x_Symbol]| :=
X* (axd* (n+1) + (axe-bxd* (n* (p+1) +1) ) *X*n) * (a+b*xX*n+c*x” (2xn) ) * (p+1) / (a”2% (n+1)) /;

FreeQ[{a,b,c,d,e,f,g,n,p},x]| && EqQ[n2,2+n] && EqQ[n3,3+n] & NeQ[b"2-4xaxc,0] &&
EqQ[a”2*g* (n+1) -Cx (nx (2xp+3) +1) x (axe-bxdx (nx (p+1) +1) ) ,0] &&
EqQ[aAZ*f*(n+1)—a*c*d*(n+1)*(2*n*(p+1)+1)—b*(n*(p+2)+1)*(a*e—b*d*(n*(p+1)+1)),0]

Int[(d_+f_.*Xx_"n2_.+g_.*Xx_"n3_.)(a_+b_.*X_"n_+C_.*Xx_"n2_.)"p_.,x_Symbol]| :=
dxx* (ax (n+1) -bx (n* (p+1) +1) *X*n) * (a+b*x*n+Cc*X” (2xn) )~ (p+1) / (a"2* (n+1)) /;
FreeQ[{a,b,c,d,f,g,n,p},x| & EqQ[n2,2«n] & EqQ[n3,3xn] && NeQ[b"2-4xaxc,0] &&

EqQ[a”2%g* (n+1) +Ccxb*xd* (n* (2xp+3) +1) » (n* (p+1) +1) ,0] &&
EqQ[aAz*f*(n+1)—a*c*d*(n+1)*(2*n*(p+1)+1)+bA2*d*(n*(p+2)+1)*(n*(p+1)+1),0]

Int[(d_+e_.*x_"n_+g_.*X_"n3_.)*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
X* (axdx (n+1) + (axe-bxd* (n* (p+1) +1) ) *X*n) * (a+b*Xx*n+Cc*Xx”* (2xn) )~ (p+1) / (a”2x (n+1)) /;
FreeQ[{a,b,c,d,e,g,n,p},x] & EqQ[n2,2xn] && EqQ[n3,3xn] &% NeQ[b"2-4xaxc,0] &&
EqQ[a”2xg* (n+1) —C* (n* (2*p+3) +1) » (axe-bxdx (n* (p+1) +1) ) ,0] &&
EqQ[a*cxd* (N+1) x (2xn* (p+1) +1) +b* (n* (p+2) +1) » (axe-bxd* (n* (p+1) +1)),0]



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

Int[(d_+8_.*x_"n3_.)*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
dxx* (ax (n+1) -bx (n* (p+1) +1) *X*n) » (a+b*X n+C*X” (2xn) )~ (p+1) / (a"2% (n+1)) /;
FreeQ[{a,b,c,d,g,n,p},x] & & EqQ[n2,2xn] && EqQ[n3,3xn] &% NeQ[b”2-4xaxc,0] &&
EqQ[a”2xg* (n+1) +Cxb*xd* (n* (2xp+3) +1) » (n* (p+1) +1) ,0] &&
EqQ[a*Ccxd* (N+1) x (2xn* (p+1) +1) -b"2%d* (n* (p+2) +1) * (n* (p+1) +1) ,0]



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

6. JPq[x] (a+bx"+cx*")Pdx whenb?>-4ac#8 Anez
1. JPq[x] (a+bx"+cx*")Pdx whenb*-4ac#8 A nez*
1. JPq[x] (a+bx"+cx*")?dx whenb?-4ac#@ Anez* A p<-1

1: qu[x] (a+bx"+cx*")Pdx whenb?-4ac#8 Anez*Ap<-1Aq<2n

Derivation: Trinomial recurrence 2b applied n-1 times

Rule:lf b>-4ac+@ AnezZ" Ap<-1Aq<2n,then

~qu[x] (a+bx"+cx*")Pdx —

- L x(a+bx"+cx2")p+1_ (((p*-2ac) Pq[x, i]—aqu[x,n+i])xi+c(qu[x, i]—Zan[x,n+i])x"+i)+
an(p+1) (b>-4ac) ice

1

J(a+bx"+cx2")p+1~

an(p+1) (b2-4ac)

> (((b* (n(p+1) +i+1) -2ac (2n(p+1) +i+1)) Pq[x, i] -ab (i+1) Py[x, n+i])xi+c (n(2p+3) +i+1) (bPq[x, i] -2aPq[x, n+i])x“*i) dx
=0

1

Program code:

Int[Pq_x(a_+b_.*x_"n_+c_.*Xx_"n2_)"p_,x_Symbol] :=
Module [ {q=Expon[Pq,x],1i},
-X* (a+bxx*n+cxx” (2xn) )~ (p+1) / (a*xn* (p+1) x (b”2-4xaxc) )
Sum[ ( (b"2-2xaxc) xCoeff[Pq,x,1] -axbxCoeff[Pq,x,n+i]) *»x i+
cx (bxCoeff[Pq,x,i]-2+axCoeff[Pq,x,n+i] ) »x~ (n+i),{i,0,n-1}] +
1/ (a*nx (p+1) * (b”2-4xaxc) ) »Int [ (a+b*x*n+c*x” (2xn) )~ (p+1) *
Sum[ ( (b"2# (n# (p+1) +i+1) -2xaxc (2#n* (p+1) +i+1)) xCoeff[Pq,X,1i] -axb# (i+1)xCoeff[Pq,x,n+i])*x i+
Cx (n% (2xp+3) +i+1) # (bxCoeff[Pq,X,i] -2+axCoeff [Pq,x,n+i])«x* (n+i), {i,0,n-1}],x] /;
LtQ[q,2#n]] /;
FreeQ[{a,b,c},x] & EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”"2-4xaxc,0] && IGtQ[n,0] &% LtQ[p,-1]



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

2: qu[x] (a+bx"+cx*")?dx whenb?-4ac#@0 Anez*Ap<-1Aqz2n

Derivation: Algebraic expansion and trinomial recurrence 2b applied n -1 times

Rule:lf b2-4ac +O ANnNeZ A p < -1 A q= 2n, let Qq-2n[X] = PolynomialQuotient [Pq[x], a+bx"+cx*", x| and

Rzn-1[X] = PolynomialRemainder [P4[x], a +bx" +cx?", x], then

qu[x] (a+bx"+cx*")Pdx —

J-RZn-l[X] (a+bX"+cx2")pdx+jQq_2n[x] (a+bX"+cx2")p+1c'|1x .

_[[x (a+bx"+cx?")P A (((b*-2ac) Ryna[X, i] ~abRapa[x, n+i]) x* + ¢ (bRanoa[X, i] -2aRapa[x, n+i]) x"*i)]/(an (p+1) (b*-4ac))|+
ie

1
an (p+1) (

a+bx"+cx2n)Pt [an(p+1) b -4ac) Qqan[X] +
b*-4ac) J‘( ) ( ) Q2
> (((b* (n(p+1) +i+1) -2ac(2n(p+1) +i+1)) Ryna[X, i] -ab (i+1) Rz,,_l[x,n+i])xi+
i-e

c(n(2p+3) +i+1) (bRyna[X, i] -2a@Ryn[x, n+1i]) x"*i)] dx

Program code:



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

Int[Pq_x(a_+b_.*Xx_"n_+c_.*Xx_"n2_)~ p_,x_Symbol] :=
With[{q=Expon[Pq,x]},
Module [ {Q=PolynomialQuotient [ (bxc)~ (Floor[(q-1) /n]+1) #Pq,a+b*x n+cxx (2xn) ,X],
R=Polynomia1Remainder[(b*c)A(Floor[(q—1)/n]+1)*Pq,a+b*xAn+c*xA(2*n),x],i},
-X* (a+bxx*n+cxx” (2xn) )~ (p+1) / (a*xnx (p+1) » (b*2-4xaxc) x (bxc)~ (Floor[ (q-1) /n]+1)) *
Sum[ ( (b"2-2xaxc) xCoeff [R,x,i]-axbxCoeff[R,x,n+i])*x i+
cx (bxCoeff[R,x,i]-2+axCoeff [R,x,n+i])»x*(n+i),{i,0,n-1}] +
1/(a*n*(p+1)*(bA2—4*a*c)*(b*c)A(Floor[(q—1)/n]+1))*Int[(a+b*xAn+c*xA(2*n))A(p+1)*ExpandToSum[a*n*(p+1)*(bA2—4*a*c)*Q+
Sum[ ( (b"2* (n* (p+1) +:i.+1) -2%a%C%* (Z*n* (p+1) +i+1) ) xCoeff [R,x,i] -axbx (i+1) *Coeff [R,x,n+i] ) *X M+
Cx (n* (2%p+3) +i+1)  (bxCoeff [R,x,1] -2xaxCoeff[R,x,n+i])«x" (n+i), {i,0,n-1}],x],x]] /;
GeQ[q,2xn]] /;
FreeQ[{a,b,c},x] && EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && LtQ[p,-1]

2. JPq[x"] (a+bx"+cx2")pdlx whenb?-4ac#0 A nez*

Pq | X"
1: de}x when b>-4ac#@ A nez* A NiceSqrtQ[b*-4ac]
a+bx"+cx?"

Derivation: Algebraic expansion

Rule:if b>-4ac+@ Anez" A NiceSqr‘tQ{b274ac},then

Pq | X" P, [x"
JL dx — jExpandIntegrand[L, x] dx
a+bx"+cx?n a+bx"+cx?"

Program code:

Int[Pq_/ (a_+b_.*x_"n_.+c_.*x_"n2_),x_Symbol] :=
Int [ExpandIntegrand [Pq/ (a+b*Xx"n+c*X”" (2%n)),x],x] /;
FreeQ[{a,b,c},x] &% EqQ[n2,2xn] && PolyQ[Pq,x"n] && NeQ[b”"2-4xaxc,0] &&% IGtQ[n,0] && (NiceSqr‘tQ[b"Z—4*a*c] |1 LtQ[Expon[Pq,x],n])



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

2. J-Pq[x] (a+bx+cx?)?dx whenb?-4ac#@ A 2pez A q+2p+1==0

1: qu[x] (a+bx+cx?)Pdx whenb>-4ac#@0 A pezZ A q+2p+1==0

Note: This rule reduces the degree of the polynomial in the resulting integrand.
Rule:lf b2-4ac+@ ApezZ Aq+2p+1-=0,then

J-Pq[x] (a+bx+cx?)?Pdx —

cPPq[x, q] Log[a+bx +cx? 1 cP Pq[x b+2cx
2 [ ] J 2Pq[x] - alx, a] O+ ) (a+bx+cx?)Pdx

+ -
2 p+1

(a+bx+cx2)

Program code:

Int[Pq_=(a_+b_.*x_+c_.*x_"2)~p_,x_Symbol] :=
With[{q=Expon[Pq,x]},
With[{Pqq=Coeff[Pq,x,q]},
c”pxPqq+Log[a+bxx+c*x*2]/2 +
1/2+Int [ExpandToSum[2xPq-c pxPqq* (b+2xc*X) / (a+b*Xx+c*x"2) " (p+1) ,X] * (a+bxX+Cc*x"2) *p,Xx] ] /5

EqQ[q+2+p+1,0]] /;
FreeQ[{a,b,c},x] && PolyQ[Pq,x] &% NeQ[b”2-4xaxc,0] && ILtQ[p,0]

2. qu[x] (a+bx+cx?)Pdx whenb®-4ac#0 A 2pezZ A q+2p+1=0

1: qu[x] (a+bx+cx*)?dx whenb*-4ac#0 A p+%eZ‘A q+2p+1=0AC>0

Note: This rule reduces the degree of the polynomial in the resulting integrand.
Rule:If b>-4ac+@ Ap+3eZ Aq+2p+1=0 A c>0,then

JPq[x] (a+bx+cx®)?Pdx —



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

1
b+2cx c?*z Pq[x
cPPq[x, q] Ar'cTanh[ ]+ Pq[x] - alx, - (a+bx+cx?)Pdx
2Vc Va+bx+cx? (a+bx+cx?)Pz

Program code:

Int[Pq_= (a_+b_.*x_+C_.*x_"2)~p_,x_Symbol] :=
With [ {q=Expon[Pq,x]},
With[{Pqq=Coeff[Pq,x,q]},
c pxPqqxArcTanh[ (b+2xcxx) / (2xRt[c,2] *Sqrt[a+bxx+c*x*2])] +
Int[ExpandToSum[Pq—cA(p+1/2)*qu/(a+b*x+C*xA2)A(p+1/2),x]*(a+b*x+C*x“2)Ap,x]] /5
EqQ[q+2+p+1,0]] /;
FreeQ[{a,b,c},x] && PolyQ[Pq,x] &% NeQ[b"2-4xaxc,0] && ILtQ[p+1/2,0] && PosQ[c]

2: JPq[x] (a+bx+cx?)Pdx whenb®-4ac#0 A p+%eZ‘A q+2p+1=0 AcC}0

Note: This rule reduces the degree of the polynomial in the resulting integrand.

Rule:If b>-4ac+@ Ap+3e€Z Aq+2p+1=0 A c*8,then

JPq[x] (a+bx+cx?)?Pdx —

b+2cx —c)P*5 PaTx
-(-c)PPq[x, q] ArcTan[ ]+ Pqx] - (-¢) q[x, q]1
2V -c Va+bX+CX2 (a+bx+cx2)p+?

Program code:

Int[Pq_= (a_+b_.*x_+cC_.*x_"2)”~p_,x_Symbol] :=
With [ {q=Expon[Pq,x]},
With[{Pqq=Coeff[Pq,x,q]},
- (-c)~*pxPqq*ArcTan[ (b+2xcxx) / (2xRt [-c,2] x*Sqrt[a+bxx+c*x*2])] +
Int[ExpandToSum[Pq-(—c)"(p+1/2)*qu/(a+b*x+c*x"2)"(p+1/2),x]*(a+b*x+c*x"2)"p,x]] /3
EqQ[q+2+p+1,0]] /;
FreeQ[{a,b,c},x] && PolyQ[Pq,x] &% NeQ[b”2-4xaxc,0] && ILtQ[p+1/2,0] &% NegQ[c]

a+bx+cx?)Pdx

10



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p 11

3: qu[x"] (a+bx"+cx*")?dx whenb®-4ac#@ Anez*Aq22n A q+2np+1#80

Reference: G&R 2.160.3
Derivation: Trinomial recurrence 3awithA =9,B=l1landm=m-n
Reference: G&R 2.104

Note: This special case of the Ostrogradskiy-Hermite integration method reduces the degree of the polynomial in the
resulting integrand.

Rule:lf b?-4ac+@ Anez*Aq=2n A q+2np+1+80,then

JPq[x"] (a+bx"+cx*")Pdx —
J(Pq[x"] -Pg[x, a1 x9) (a+bx"+cx?*")Pdx+Pq[x, q] |x? (a+bx"+cx*")Pdx —

Pa[X, q1 x972™1 (a+bx" +cx2")p+1

+
c(q+2np+1)

Pa[x, 9] (2 (q-2n+1) x32"+b (q+n (p-1) +1) xI™")

J{%[ﬂ]—P“x,q]ﬂ—

(a+bx"+cx2")pd1x
c(gq+2np+1)

Program code:

Int[Pq_x(a_+b_.*x_"n_.+c_.*x_"n2_)"p_,x_Symbol] :=
With[{q=Expon[Pq,x]},
With[{Pqq=Coeff[Pq,x,q]},
Pgg*x” (q-2xn+1) x (a+b*x*n+c*x” (2xn) )~ (p+1) / (c* (q+2*nxp+1)) +
Int[ExpandToSum[Pq—qu*qu—qu*(a*(q—z*n+1)*xA(q—z*n)+b*(q+n*(p—1)+1)*xA(q—n))/(c*(q+2*n*p+1)),x]*(a+b*xAn+c*xA(2*n))Ap,x]] /3
GeQ[q,2*xn] && NeQ[q+2xnxp+1,0] & & (IntegerQ[2xp] || EqQ[n,1] && IntegerQ[4xp] || IntegerQ[p+(q+1)/(2*n)])] /5
FreeQ[{a,b,c,p},x] &% EqQ[n2,2xn] && PolyQ[Pq,x"n] && NeQ[b"2-4xaxc,0] && IGtQ[n,0]



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p 12

3: J-Pq[x] (a+bx"+cx*")Pdx whenb®-4ac#8 A nez* A - PolynomialQ[Pq[x], X"]

Derivation: Algebraic expansion
Basis: If n € Z* , then pq(x] = 3533 (%5 /™ Pg[x, j +kn] x
Note: This rule transform integrand into a sum of terms of the form (@x)*q.[x"] (a+bx"+cx2")®.

Rule:If b2-4ac+#0 A nez"A - PolynomialQ[Pq[Xx], X"],then
.1 ((a-3)/na1
JPq[x] (a+bx"+cx*")Pdx — jzxj j P[X, 3+kn] x*"[ (a+bx"+cx*")?dx
j=e k=0
Program code:
Int[Pq_x (a_+b_.*x_"n_+c_.*x_"n2_)~p_,x_Symbol] :=
Module [ {q=Expon[Pq,x],3j,k},

Int[Sum|[x"j*Sum|Coeff[Pq,x,j+kxn]*x" (kxn),{k,0, (q—j)/n+1}] * (@+b*x”n+c*x” (2xn) ) ~p, {j,0,n-1}],x]] /;
FreeQ[{a,b,c,p},x] &% EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”"2-4xaxc,0] && IGtQ[n,0] && Not[PolyQ[Pq,x”"n]]



Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

Pq[x] >
4: J d]xwhenb-4ac¢a/\nez+
a+bx"+cx?

Derivation: Algebraic expansion

Rule:lf b2-4ac +0 A nezt, then

Pq[x]

Pq[X]
Jq— dx — JRationalFunctionExpand[
2n a+bx"+cx?"

,x]dlx
a+bx"+cx

Program code:

Int[Pq_/(a_+b_.*x_"n_.+c_.xx_"n2_.),x_Symbol] :=
Int[RationalFunctionExpand[Pq/ (a+bxx n+cxx"(2xn)),x],x| /;
FreeQ[{a,b,c},x] &% EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b"2-4xaxc,0] && IGtQ[n,0]

7: qu[x] (a+bx"+cx*")Pdx when b>-4ac#@ A neF

Derivation: Integration by substitution
Basis: If g € Z*, then pq[x] F[x"] == g Subst [xe~1 P [xE] F[xE"], X, x!/8] 9, x/8
Rule:If b2-4ac+0 A neF,letg = Denominator[n],then

JPq[x] (a+bx"+cx*")Pdx — gSubst[J\xg'1 Pa[x8] (a+bxE"+cx?8")Pdx, x, x”g]

Program code:

Int[Pq_x (a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=

With[{g=Denominator[n]},

g+Subst [Int [x” (g-1) *ReplaceAll [Pq,Xx—»>X"g] * (a+b*X" (g*Nn) +C*X” (2xgxn) ) *p,X] , X, X" (1/8) ] ] /3
FreeQ[{a,b,c,p},x] &% EqQ[n2,2xn] && PolyQ[Pq,x] &% NeQ[b"2-4xaxc,0] && FractionQ[n]
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Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

8. qu[x] (a+bx"+cx*")Pdx when b?-4ac#6 A pez"

Pq[X] )
1: j dlxwhenb -4ac+0
a+bx"+cx?

Reference: G&R 2.161.1a

Derivation: Algebraic expansion

. o h2 1 __2c¢ 1 _2¢ 1
Basis:Letg = \/b*-4ac thenabz+C22 = blaizcz 4 bigizcz
[ |
Rule:If b2-4ac +0,letq=+/b2-4ac,then

J—pq X dx — Z—C —Pq X dx - Z—CJ—Pq X dx

a+bx"+cx?" q Jb-q+2cx" q Jb+q+2cx"

Program code:

Int[Pq_/ (a_+b_.*x_"n_.+c_.*x_"n2_.) ,x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
2xc/q*Int[Pq/ (b-q+2*CxXx”*n) ,x] -
2xc/q*Int[Pq/ (b+g+2xCcxx”n),x]] /;

FreeQ[{a,b,c,n},x] && EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0]

?: j(A+Bx"+Cx2"+Dx3") (a+bx"+cx*")Pdx whenb?-4ac#0 Ap+lez”

Derivation: Two steps of OS and trinomial recurrence 2b

Note: This rule should be generalized for integrands of the form p,[x"] (a+bx"+cx2")* when n is symbolic.

Rule1.3.3.17:1f b2-4ac+0 A p+1ez,then

f(d+ex"+fx2"+gx3“) (a+bx"+cx*")Pdx —
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Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

-((x (b*cd-2ac(cd-af)-ab(ce+ag) + (bc(cd+af)-ab’g-2ac(ce-ag))x") (a+bx"+cx2")p+1)/(acn(p+1) (b*-4ac))) -
1

j(a+bx"+cx2")p+1 (ab(ce+ag) -b’cd(n+np+1) -2ac (af-cd(2n (p+1) +1)) +
acn(p+1) (b>-4ac)

(ab’g (n(p+2) +1) -bc (cd+af) (n(3+2p) +1) -2ac(ag(n+1)-ce(n(2p+3)+1)))x") dx

Program code:

Int[P3_x(a_+b_.*x_"n_+c_.*x_"n2_)~p_,x_Symbol] :=
With[{d=Coeff[P3,x"n,0],e=Coeff[P3,x"n,1],f=Coeff[P3,x"n,2],g=Coeff[P3,x"n,3]},
-X* (b"z*c*d—z*a*c* (c*d—a*f) -axbx (cxe+axg) + (b*c* (c*d+a*f) -axb"2xg-2xaxc* (cxe-ax*g) ) *x"n) * (Q+b*x*n+c*x” (2xn) )~ (p+1) /
(axCxnx (p+1) » (bA2-4xaxc)) -
1/ (a*cxn* (p+1) x (b*2-4xaxc) ) xInt [ (a+b*x*n+cxx” (2xn) )~ (p+1) *
Simp[a*b*(c*e+a*g)—bAz*c*d*(n+n*p+1)—2*a*c*(a*f—c*d*(z*n*(p+1)+1))+
(a*b"2*g*(n*(p+2) +1) -bxc* (c*d+a*f)*(n* (2%p+3) +1) -2xa*Cx (a*gx (N+1) —-c*e* (n* (2xp+3) +1)))*X"n,x],x]] /5
FreeQ[{a,b,c,n},x] && EqQ[n2,2xn] &% PolyQ[P3,x”n,3] && NeQ[b”2-4xaxc,0] && ILtQ[p,-1]

Int[P2_x(a_+b_.*x_"n_+c_.*Xx_"n2_)"p_,x_Symbol] :=
With[{d=Coeff[P2,x"n,0],e=Coeff[P2,x"n,1],f=Coeff[P2,x"n,2]},
-X#* (b"Z*d—Z*a* (C*d—a*f) -axbxe+ (b* (C*d+a*f) —Z*a*c*e) *x"n) * (a+bxx*n+cxx” (2xn) )~ (p+1) / (a*n* (p+1) » (b~2-4xaxc)) -
1/ (axnx (p+1) * (b*2-4%axc) ) xInt [ (a+b#X"n+CxX" (24N) )~ (p+1) »
Simp [a*b*e—b"Z*d* (n+nxp+1) -2xax* (a*f—c*d* (2xn* (p+1) +1) ) - (b* (c*d+a*f) * (N* (2xp+3) +1) -2xa*xCxe* (Nx (2xp+3) +1) ) *X"n,x] ,x] ] /3
FreeQ[{a,b,c,n},x] && EqQ[n2,2xn] && PolyQ[P2,x”n,2] && NeQ[b”2-4xaxc,0] && ILtQ[p,-1]
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Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

2: JPq[x] (a+bx"+cx*")?dx whenp+1ez"

Derivation: Algebraic expansion

Rule:If p+1 ez ,then

JPq [x] (a+bx"+cx*")Pdx — JExpandIntegr‘and [Pq[x] (a+bx"+cx*")P, x] dx

Program code:

Int[Pq_x(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_,x_Symbol] :=
Int [ExpandIntegrand [Pq* (a+b*x*n+c*xX” (2xn))*p,x],x] /;
FreeQ[{a,b,c,n},x] &% EqQ[n2,2xn] && PolyQ[Pq,x] && ILtQ[p,-1]

X: JPq[x] (a+bx"+cx?")Pdx

Rule:

JPq[x] (a+bx"+cx®")Pax — JPq[x] (a+bx"+cx?")Pdx

Program code:

Int[Pq_x(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_.,x_Symbol] :=
Unintegrable [Pqx (a+b*Xx"n+c*Xx”" (2%n) ) p,x] /;
FreeQ[{a,b,c,n,p},x] && EqQ[n2,2xn] && (PolyQ[Pq,x] || PolyQ[Pg,x"n])
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Rules for integrands of the form Pq(x) (a+b x”~n+c x~(2 n))"p

S: JPq[v"] (a+bv"+cv2")pdlx when v == f + g x

Derivation: Integration by substitution
Rule: If v == £ + g x, then

qu[v"] (a+bv'+cv?")Pdx — 1Subst[J\Pq[x"] (a+bx"+cx?")Pdx, x, v]
g

Program code:

Int[Pq_x(a_+b_.*v_"n_+c_.*v_"n2_.)"p_.,x_Symbol] :=
1/Coe+'ficient [V,X,1] *Subst [Int [SubstFor[v,Pq,X] * (a+bxXx*n+cxXx”" (2%n))*p,X],X,V] /;
FreeQ[{a,b,c,n,p},x] & EqQ[n2,2xn] && LinearQ[v,x] && PolyQ[Pq,v~n]
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